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A U ~ I A ~ ~ , .  Tk-e effect of non-synchronous r o t a t i o n  of t h e  componen 
star i n  close b i n a r i e s  on its l i m i t i n g  su r face  is analyzed and tn 
d i f f i c u l t i e s  i n  the previous inves t iga t ions  are examined. I t  has  

been shown t h a t  no p o t e n t i a l  funct ion e x i s t s  i n  a coordinate sys tem 
fol lowing the  a x i a l  (non-synchronous) r o t a t i o n  of the  component 
star. Consequently, no equi l ibr ium surfaces can be obtained i n  
t h i s  way. I t  is therefore suggested t h a t  w e  should r e t a i n  the  
conventional coord ina te  s y s t e m  t h a t  rotates w i t h . t h e  binary motion. 
Since a simple energy i n t e g r a l  e x i s t s  i n  t h i s  coordinate system, 
w e  can o b t a i n  a phys ica l  picture for the problem of the  non-syn- 
chronously r o t a t i n g  star i n  the binary systems. Indeed w e  have 
found t h a t  the non-synchronously r o t a t i n g  star w i l l  modify its ro- 
t a t i o n  gradual ly  and become eventual ly  synchronous w i t h  its orbital 
r evo lu t ion .  

I n  t h i s  mu l t i f a r ious  a c t i v i t i e s  and achievements t h a t  m a k e  
h i m  one of the greatest astronomers in t he  modern t i m e ,  Professor 
O t t o  S t ruve  has never forsaken the b ina ry  stars. After having spent.  
some yea r s  of success fu l  researches i n  other f ie lds  of astronomy 
now and then he always re turned  t o  t h i s  f i e l d  of h i s  e a r l y  i n t e r e s t .  
Therefore, . f e w  astronomers have observed spec t roscopica l ly  as many 
b inary  stars as he has done. 
mark as h i s  i n  the  h i s t o r y  of double stars. 

Fewer still have l e f t  such a d i s t i n c t  

I n  a close a s s o c i a t i o n  and co l l abora t ion  w i t h  h i m  for a decade 
dur ing  which I am proud t o  have received h i s  confidence and learned 
the  process  of h i s  mental percept ions and responses as a r e s u l t  of 
our d a i l y  af ternoon meetings i n  cafes ou t s ide  the  North G a t e  of the  
Berkeley Campus of t h e  University of California, I have always been '  



c 

impressed by h i s  open mindedness to new ideas, h i s  enthusiasm 
for  and devotions t o  astronomy. Because of his open mindedness he 
s a w  any problem in its multi-faceted ang le s ,  thus  making h i m  no t  
only an outs tanding  s c i e n t i s t  but also a great leader. Because of 
h i s  enthusiasm, he e n l i s t e d  many astronomers i n t o  t h e  f i e lds  of h i s  
i n t e r e s t .  Our d a i l y  contac t  a l s o  induced m e  t o  become a novice i n  
the s tudy  of binary stars i n  the m i d  f i f t i es :  I t  is therefore 
b e f i t t i n g  for me ten years l a t e r  to  write t h i s  article on binary 
stars i n  t h i s  m e m o r i a l  volume as my a t t r i b u t e  to a great iea&Z ss 
w e l l  as a dear f r i e n d  whom I have both respec ted  and admired. 

I .  

I, A Critical Review of the  Previous Inves t iga t ions  

. .  The shape of stellar su r faces  i n  t h e  close binary sys t em has 
. t  been given as a first approximation by what has been p red ic t ed  by 

the  Roche Model (e.g. Struve and Huaag 1957) , According to  t h i s  
model, t he  axial r o t a t i o n  of component stars .and ' t he i r  o r b i t a l  

indeed obey the  r u l e  of synchronization (Swings 1936, Stsuve 1950, 
P l a u t  1959) there are some exceptions t o  which belongsFLyrae - a 
p e c u l i a r  binary system that Professor Struve (1941, 1958) had a l i fe- '  . 
long i n t e r e s t .  Therefore, i n  r ecen t  y e a r s  a t tempts  have been made t o ,  

- predict  the  stellar surfaces, e s p e c i a l l y  t h e  l i m i t i n g  surface, when 
t h e  component star does no t  rotate i n  synchronizat ion w i t h  its 
orbital  r e v o l u t i o n  (Kopal 1956, Plavec 1958, lhuszewski 1963, and 

I ,  

. r e v o l u t i o n  are synchronized, Whi le  t he  majori ty  of c l o s e  binaries . 

. . c  

, ,.. 
~ t '  . Limber 1963). 

I n  t h e  r e s t r i c t e d  three-body problem one can def ine  a po ten t i a l -  - '  

t 
f u n c t i o n u  i n  a coordinate sys t em t h a t  r o t a t e s  w i t h  the  b ina ry ' s  

f .  orbital  motion (e .g , ,  Moulton 1914). A l s o  an energy i n t e g r a l  can 
_ I .  

. .  
. be ob,tained i n  the form that the  sum of the  p o t e n t i a l  energy and t h e  

k i n e t i c  energy is cons tan t ,  It  is t h e  ex is tence  of the  energy 
- . i n t e g r a l  i n  t h i s  form t h a t  enables us  t o  predict  t he  stellar surfaces 

of close binaries because on ly - then  the dens i ty  and the  pressure  
should be cons tan t  on any equi -poten t ia l  surface. Thus, w e  should 
emphasize that  the nere existence of a p o t e n t i a l  func t ion  does no t  
n e c e s s a r i l y  warrant  a pred ic t ion  of t h e  equi l ibr ium su r face  of a star, 
Indeed, t h i s  is the reason that the  c a l c u l a t i o n s  by previous inves- 
tigators have t o  be. regarded as unsa t i s f ac to ry .  . 

. .  
, , .  

. .  
I . .  , . .  

. .  . .  
. . .  * 
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Kopal (1956) first s tud ied  the  l i m i t i n g  su r face  of t h e  non- 
synchronously r o t a t i n g  star, using a p o t e n t i a l  func t ion  which 

Kruszewski (1963) has s i n c e  poin ted  o u t  t o  be inco r rec t .  Later 
Plavec (1958), Kruszewski (1963) and Limber  (1963) have a l l  der ived  
a p o t e n t i a i  ZURCLAUU Qllu --a -h+=in-Cf vu..------ the l i m i t i n g  surface. However, 
even though their po ' tent ia l  func t ion  is correct, t h e i r  r e s u l t  is 
still open t o  debate because they  have used for  computing t h e  
l i m i t i n g  su r face  i n  one coordinate s y s t e m  a p o t e n t i a l  func t ion  
expressed i n  another coordinate  s y s t e m  which has a r e l a t i v e  motion 
w i t h  respect t o  t h e  first one. 

-- 
L e t  u s  first choose a dimensionless s y s t e m  of u n i t s  of 

measurement w i t h  the  to ta l  mass of t h e  binary as the  u n i t  of mass, 

w i t h  t h e  sepa ra t ion  between t h e  t w o  components as t h e  u n i t  of 
l e n g t h  and w i t h p b r  as the u n i t  of t i m e ,  where s t ands  fo r  t h e  
o r b i t a l  period. Thus, i f  w e  denote 1 -p  as t i e  m a s s  of one 
component, 
a r o t a t i n g  (x,y,z)  system such t h a t  t he  o r i g i n  is a t  the  c e n t e r  of 
t h e  1 - p component, t h e  x-axis p o i n t s  always towards t h e  /u- 
component, and the xy plane coincides  w i t h  the  orbital  plane.  W e  
have the equat ions of motion f o r  a tes t  p a r t i c l e  i n  the  (x,y,z)  
s y s t e m :  

w i l l  be the  m a s s  of t h e  other. L e t  u s  fur ther  choose P 

and A, and flZ are re spec t ive ly  t h e  d i s t ances  of the test particles 
f r o m  t h e  t w o  component stars. Note t h a t  7/;  is a func t ion  of t i m e  
o n l y  through the  coord ina tes  (x,y,z) of t h e  test particle, 

- 3 -  
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0 I W e  not introduce a new r o t a t i n g  ( T 1 7 ,  5 )  sys t em such t h a t  it 
component, sha r ing  the  l a t te r ' s  a x i a l  

-pcomponent  is no t  
-P is r i g i d l y  f i x e d  t o  the  1 

r o t a t i o n .  Although t h e  axial r o t a t i o n  of t h e  1 
synchronous w i t h  t h e  o rb i ta l  motion, its r o t a t i n g  axis (chosen as 
t h e  $-axis) is still assumed t o  be perpendicular to  t h e  orbital  
plane.  Thus, i f  the  (7, q I G )  system is r o t a t i n g  w i t h  an angular  
v e l o c i t y ,  0 , w i t h  respect t o  the  (x,y,z) system, it rotates w i t h  
a n  angular  ve loc i ty ,  1 +4d, w i t h  respect t o  the  rest frame of re ference .  

follows : 

t 

* *  The transformation equat ions between (x,y,zj and 

- . .  

, !-may be regarded \ a s  the negative value of the  p o t e n t i a l  funct ion.  
__IC 

Actua l ly ,  it is a misleading name as w e  s h a l l  see present ly .  
Uz ( 7, 7,5:,) as given by equation ( 7 )  has been used by Plavec 

t o  e v a l u a t e  the; l imit ing surface of the non-synchronous 1 -,U component. I t 

W e  can now see t h a t  such an evaluat ion may no t  be regarded as 
s a t i s f a c t o r y .  

In equations (4) and ( 5 ) .  

I 

In t h e  first place,  w e  encounter the  time-dependent 

. e  . .  p&at . - 1  

- 4 -  a .  
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r which is given by ''A h 
Secondly 

is now an e x p l i c i t  func t ion  of t i m e .  
un l ike  U1 i n  t he  (x ,y ,z )  system, is no longer an i m p l i c i t  func t ion  

Therefore u2 ( 7, 7.5 ) , 

of t i m e  involves t i m e  
can no longer  d e r i v e  

f r o m  eguatibns ( S ) = ( 6 )  the simple 
p o t e n t i a l  energy and the  k i n e t i c  energy is a cons tan t  of motion. 
Consequently, the  surfaces defined by equat ion ( 7 )  do not r e p r e s e n t  
equi l ibr ium surfaces of the star. 

r e s u l t  that the  sum of t h e  _ _  - - 
. 

W e  can see t h i s  po in t  a n a l y t i c a l l y  
. i n  t h e  fol lowing way. 

Multiplying equat ions (4)-(6) r e spec t ive ly  by dz/dt, d /d t  and 
d /d t  and adding the  r e s u l t i n g  equations together, w e  ob ta in  51 after P 
i n t e g r a t i o n  w i t h  respect t o  t i m e  that  

3 
where V (t) and V (to ) denote r e spec t ive ly  the  v e l o c i t y  of the test 
particle a t  t i m e  t and a t  the  i n i t i a l  t i m e  t, . da& maybe 
eva lua ted  from equat ions ( 7 )  and ( 8 ) :  When the  r e s u l t  is s u b s t i t u t e d  
i n t o  equat ion ( 9 ) ,  w e  ob ta in  f i n a l l y  

t 1 

i 

I t  is obvious f r o m  equation (10) t h a t  the  sum of the  p o t e n t i a l  
and k i n e t i c  energy is no longer constant .  Since the  i n t e g r a l  i n  
equa t ion  (10) a c t u a l l y  depends upon t h e  pa th  of the test particle, 
does no t  behave exac t ly  like a p o t e n t i a l .  Thus, it is ques t ionable  i 

s u r f a c e s  or the  l i m i t i n g  surface of t he  star whose r o t a t i o n  is non- 

OK. 
whether uz as given by equation ( 7 )  can predict t h e  equi l ibr ium i 

i 

1 

f .  
synchronous t o  the  orbital motion. The reason tha t  the l i m i t i n g  t 

r 



* 
s u r f a c e  has been derived i n  t h i s  way is perhaps due t o  t h e  fact 

t o  use t h e  name p o t e n t i a l  and consider only t h e  zero-veloci ty  
s u r f a c e s ,  no ambiguity w i l l  arise because equat ion e)  c l e a r l y  shows 
t h a t  zero-veloci ty  su r faces  do not exist i n  t h e  ( 
coordinate  system. 

r igorous ly  by consider ing the  equat ions of motion, 
duced 

t h a t  t h e  names of p o t e n t i a l  is o f t en  given t o  --uz . If we avoid 

?+j> 
Both Limber (1963) and Kruszewski (1963) treated t h e  problem 

They have i n t r o -  

I . .  
I n  doing so, they can replace the r i g h t  hand sides of equations 
(4)-(6) r e spec t ive ly  by a4/>3 , -/d and 34/25  . 
Because of the transformation r e l a t i o n  (3), 7q (i, 7,5) can now 
be expressed i n  terms of x,  y and z. 
t i m e  appears only i m p l i c i t l y  through x,y,z but  does not  e n t e r  
e x p l i c i t l y .  Consequently, they have independently der ived the  l i m i t i n g  
s u r f a c e  i n  t h e  (x,y,z)  system by consider ing U3 as the  p o t e n t i a l  
func t ion .  

In t h i s  new expression for  U3, 

However, we  should remember tha t  it is the  ( 7, 7,s ) sys t em 
t h a t  is r i g i d l y  fixed to t h e  r o t a t i n g  star. Any s t a t i o n a r y  su r face  
of t h e  non-synchronous r o t a t i n g  star (1 -/c" component) must be 
expressed as a func t ion  of and 5 alone without 

p r e s s i o n  i n  x ,  y ,  and z can represent  t he  s t a t i o n a r y  surfaces of the 
non-synchronous component because i n  the (x,y,z)  s y s t e m  the component 

t h e  expl ic i t  appearance of I t  does not  appear tha t  an ex- 

' has a net r o t a t i o n .  Since,  as w e  have seen before, w e  cannot ob ta in  
a p o t e n t i a l  func t ion  i n  the  (3/1,5 ) system, w e  have no means t o  
compute t he  s t a t i o n a r y  su r faces  of a non-synchronous r o t a t i n g  
component star, a conclusion contrary t o  the  previous inves t iga to r s ,  

11. Physical  I n t e r p r e t a t i o n  

Because of the  d i f f i c u l t i e s  w e  have j u s t  observed, i t  is 
- -  --- 

* te system; tha t  rotates w i t h  * a d v i s a b l e  t o  r e t a i n  t he  (x ,y ,z )  coardma ---- -_  - -- _ ~ _ _  _--- - -. _ -  

L 
1 fn t h i s  coordinate  system w e  have - .  . \ 1 

t h e  binary motion. ( 
/-- 

1 

J . .  

- 6  - 
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for  the  test p a r t i c l e  a simple energy i n t e g r a l  

2v,-v2= c 
where q ( x , y , z )  is given by equation (2). 

W e  should now recall t h a t  t h e  zero-veloci ty  s u r f a c e s  are 
labelled by C (e.g., Moulton 1914). 
associated w i t h  t h e  innermost contact su r face  S1 (Kuiper 1941) be 

C1. Therefore, a l l  p a r t i c l e s  i f i s i d s  -the S1 Emface w i t h  C < C, /-arlllally 

could pene t r a t e  t he  S1 surface. As a r e s u l t ,  these particles w i l  

L e t  the  C value  t h a t  is 

. 
A w- ----__ 

-3 
' / 

be: los t  f r o m  t he  star, ..' ' . -  - . x  : ' - .z 

'. P Now the  1 -p component is r o t a t i n g  w i t h  an  
angular v e l o c i t y  cc) i n  t he  x ,y ,z  coordinate  system along the  ' 

z-axis. P a r t i c l e s  in t h e  s te l la r  su r face  l a y e r s  have v e l o c i t i e s  

i f  thermal motion or other kinds of motion are neglected.  Hence, 
a l l  p a r t i c l e s  i n  t h e  1 
(called t h e  R s u r f a c e  hereafter) given by 

component star t h a t  are above the surface * -P 

and consequently have C values  less than C1-may be regarded as 
uns t ab le  and could e a s i l y  escape ou t  of the S1 sur face .  
i l l u s t r a t e s  t h e  cross s e c t i o n s  i n  both t h e  xy plane and the  xz 
plane  of a f e w  R su r faces  for t h e  case -0.4 and@ = 0 ,  2 ,  4 and 
8 .  The c a s e a -  0 is simply t h e  S1 s u r  ace for  = 0.4 .  The 

elongated shape of the  cross sec t ions  i n  t h e  xz plane is easy to 
understand because those p a r t i c l e s  near the e q u a t o r i a l  plane t h a t  
h a v e . t h e  h ighes t  l i n e a r  v e l o c i t i e s  due t o  non-synchronous r o t a t i o n  are 
the easiest t o  be ejected o u t  of the S1 sur face .  

However, it should be noted tha t  the  R s u r f a c e s  r ep resen t  n e i t h e r  
l i m i t i n g  nor equi l ibr ium surface.  P a r t i c l e s  below the  R su r face  for 
a given va lue  of c3 although they cannot escape 
through the  S1 su r face  without c o l l i s i o n s .  S t a t i s t i c a l l y ,  w e  can 
state that m o s t  p a r t i c l e s  t h a t  are o r i g i n a l l y  located above t h e  R 
s u r f a c e  are los t  and are replaced by p a r t i c l e s  coming from below the 
R su r face .  These new p a r t i c l e s  w i l l  n a t u r a l l y  f i l l  up the  e n t i r e  

Figure 1 

r / . .  

can move .UP 



lobe of t h e  S1 su r face .  Therefore,  t h e  l i m i t i n g  surface of t h e  
1 - p  component is still given by t h e  S 
angular momentum per u n i t  m a s s  due t o  t h e  a x i a l  r o t a t i o n  of t h e  
1 - p  component decreases downward. i n  t h e  s t a r  i f  it rotates  a s  
a r i g i d  body,  t h e  new material above t h e  R su r face  w i l l  r o t a t e  less 
r ap id ly  ( w i t h  r e s p e c t  t o  t h e  xyz system) than t h e  o l d  material before 
t h e  l a t t e r ' s  escape. The simultaneous t r a n s f e r  of m a s s  f r o m  below 
t h e  R s u r f a c e  t o  above t h e  R su r face  and f r o m  inside t h e  S1 s u r f a c e  
t o  o u t s i d e  the S ---fnt-e w i l l  continue u n t i l  t h e  o r b i t a l  r e v o l u t i o n  
and t h e  axial  r o t a t i o n  become synchronized. Perhaps t h i s  is one sf 
t h e  m o s t  e f f e c t i v e  mechanisms f o r  synchronizing o rb i t a l  r e v o l u t i o n  
and a x i a l  r o t a t i o n  of close binary stars. Therefore,  non-synchroniza- 
t i o n  observed i n  those close binar ies  must be a temporary phenomenon 
t r i g g e r e d  by r a p i d  evolu t ion  of the  component s t a r  i tself  as is 
suggested by Kopal (1959). But even a t  t h e  t i m e  t h e  t w o  k inds  of 
motion are temproari ly  o u t  of s t e p ,  t h e  shape of the  component is 
still  given by t h e  S1 s u r f a c e  according t o  t h e  present  a n a l y s i s .  

' i t  has not  proven t h a t  the  p a r t i c l e s  are necessa r i ly  f l y i n g  away 

* 

su r face .  Since t h e  1 1 

I 

1 "----- 

F i n a l l y ,  one may ques t ion  our  argument on t h e  ground t h a t  

from t h e  star.  If a l l  p a r t i c l e s  on some su r face  of a non-synchronously 
r o t a t i n g  s tar  should tend  t o  move inward, t h i s  su r f ace  could be 

regarded as a s table  su r face  f o r  t h e  s ta r .  T h i s  is however n o t  t r u e  
because when t h e  p a r t i c l e s  move inward they col l ide w i t h  o ther  
p a r t i c l e s .  Since t h e  average C value ( t h e  C value of each p a r t i c l e  
being def ined by Eq. [12]) of a l l  p a r t i c l e s  p a r t i c i p a t i n g  i n  a 
c o l l i s i o n  remains cons tan t  (Huang 1965) and s i n c e  d i r e c t i o n s  of t h e  

v e l o c i t i e s  w i l l  be modified after the c o l l i s i o n ,  t h e  chance of escape 
from the  s u r f a c e  inc reases  w i t h  t i m e  whatever are t h e  d i r e c t i o n s  of 
t h e i r  i n i t i a l  v e l o c i t i e s  ( i n  t he  xyz system). Therefore ,  our  
conclus ion  about t h e  non-synchronously r o t a t i n g  s t a r  is v a l i d  without  

' q u a l i f i c a t i o n  f o r  t he  Roche model. 
I t  is my p leasu re  t o  note  my thanks t o  M r .  Clarence Wade, Jr. 

who has performed the  computation involved i n  obta in ing  diagrams i n  
F igure  1. 

- 8 -  



REFERENCES 

Kopal, Z .  1956, Ann. d'Ap., - 19,  298. 
Kopal, Z. 1959, "Close  Binary Systems" (London: 

Kruszewski, A. 1963, Acta Astronomica, - 13, 1U6. 
Kuiper, G.P. 1941, Ap.J., - 93, 133. 
Limber, D.N. 1963, Ap.J., - 138, 1112. 
Moulton, F.R. 1914, "An In t roduct ion  t o  Celestial 

Chapman and H a l l ) .  

Mechanics'' 2nd ed .  (New York: Macmillm) chap. 8. 
P l a u t ,  L. 1959, Pub. A.S.P. - 71, 167. 
Plavec,  M. 1958, Liege Symposium No. 8 on Emission-line 

S t ruve ,  0. 1941, Ap.J., - 93, 104. 
S t ruve ,  0 .  1950, "S te l l a r  Evolution" (Princeton: 

Pr ince ton  U n i v e r s i t y  Press). 
S t ruve ,  0. 1958, Pub. A.S.P., 70, 5. 

S t ruve ,  0. and Huang, S O - S O ,  1957, Occasional Notes 
R.A.S., 3, 161. 

Swings P. 1936, Zs. f. Ap., - 12,  40. 

S t a r s ,  p. 411. 

- 9 -  



f 

t 

LEGEND 
/ -  

Figure 1 - The R surfaces f o r  d i f f e r e n t  va lues  of c3 
( 0 ,  2, 4 ,  8 )  f o r  /u- = 0.4. The R 
szrfaces are def ined  by equat ion (14) . 
The case ld =I o r e p r e s e n t s  simply the 
innermost con tac t  s u r f a c e  (denoted by S1). 
When t h e  rotat ion of a component star is 
not  synchronous wi th  its o r b i t a l  motion, 
t h e  gaseous particles above t h e  R surface 
may escape the S1 s u r f a c e  and are re- 
placed by gaseous particles moving o u t  from 
below the R surface. 
on u n t i l  the star f i n a l l y  becomes synchron- 
ized t o  its .orbital motion. 

T h i s  process  W i l l  .go 
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